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1. INTR~OUCTION 
It is well known that if a solution u of the wave equation in R” is such 
that u(0) and u,(O) have their supports in some ball B(x,, Y), then u(t) is 
supported by B(x,, Y + ) tl ). The same property holds for the solutions of 
the wave equation in a bounded domain 0, with Dirichlet boundary condi- 
tion, as long as B(x,, r + 1 ?I ) c D (see [3, Lemma 2.91). However, this does 
not take into account the geometry of the domain Q. 
In the theory of exact controllability, it is essential to understand how 
the wave equation propagates the information. We show here that the sup- 
port of the solution propagates with velocity at most 1 along the geodesics 
of the domain Q. We apply this result to some specific examples, where we 
establish in particular the optimality of certain results of Haraux [4] (see 
also Bardos, Lebeau, and Rauch [ 1 ] ). 
More precisely, let us briefly recall the problem of exact controllability 
for the wave equation. Let Q c R” be an open set, and let w CQ be a 
sub-domain. For any (y”, y’)~ HA(Q) x L2(Q), we look for T>O and 
h = h(t, x) E L’(O, T, L*(Q)) such that supp(h) c [0, T] x o and for which 
the unique solution y of 
y” - Ay = h, in (0, T)xQ; 
y = 0, on (0, T) x 6X2; 
Y(O, xl = Y”(X), in Sz; 
YW, x) = Y’(X), in R (1.1) 
satisfies y(T, x) = y’(T, x) =0 in 52. When the H.U.M. method of J.-L. 
591 
0022-247X/90 $3.00 
Copyright #(I 1990 by Academic Press, Inc. 
All rights of reproduction in any form reserved 
592 THIERRY CAZENAVE 
Lions [S-S] is applied, this problem reduces to the study of the 
homogeneous problem 
u” - Au = 0, in (0, T) x Q; 
2.4 =0, on (0, T) x X& 
40, x) = cp(x), in Q; 
u’(O, x) = $(x), in Q, (1.2) 
where (cp, $) E HA(Q) x L2(Q). More precisely, if we consider the semi- 
norm p defined on HA(a) x L’(Q) by 
where u is the solution of (1.2), the solution of the exact controllability 
problem for (1.1) amounts to showing that p is in fact a norm on 
HA(O) x L’(Q) and identifying the completion of HA(Q) x L2(Q) for the 
norm p (see J.-L. Lions [68]). Among others, an important question is, 
What is the minimal value of T (depending in particular on Q and o) for 
which p is a norm ? 
As in Haraux [4], we introduce the following notation. For every pair 
(x, y) of points in Q, we denote by 6(x, y) the intimum of the lengths of 
all polygonal lines joining x and y and contained in 52. We define the 
“geodesic distance” d(o, , 02) between two subsets w, and o2 of Q by 
4u,,u2)=Inf{&x, Y), yew,, xEm2). 
In addition, for any subset o of 52 and for every XEQ, we set 
6(x, w) = Inf{ 6(x, y), y E 0). 
Moreover we define 
d(Q, 0) = Sup{ 6(x, w), x E Q}. 
Finally the “geodesic diameter” of D is defined as 
S(R)=Sup{G(x, y), XESZ, YEQ}. 
It is shown in Haraux [4] that p is a norm on HA(Q) x L’(Q), provided 
the following holds: 
T> 2 6(52, w). (1.3) 
We give here some examples of domains in which condition (1.3) is 
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sharp. However, we do not know whether or not condition (1.3) is sharp 
for a general domain. The paper is organised as follows. In Section 2 we 
prove a preliminary result, and in Section 3 we give three examples of 
application to some specific domains. 
2. THE MODEL CASE 
We consider a bounded, open, connected set Q c R”, n > 2. We assume 
that Q = Q’ u K v Q”, where Q’ and Q” are two connected, open sets, 
Q’nW=Q’nK=Q”nK=@, and Kisoftheform 
K= u m,, 
SE [o.h] 
with -a <a < b < + cc and w, = (s} x 6,, where (6,Y),, co,h, is a family of 
connected, open subsets of R” ~ ’ (see Fig. 1). 
We assume that K is smooth in the sense that there exist two open sets 
D’ and D” such that D” v K v D’ is a connected open set, with a boundary 
of class C * (see Fig. 2). 
For OE [a, b], we set (see Fig. 3) 
Q,=Q’u K,, where K,= u co,. 
se (o.hl 
Q, is also a connected open subset of R”. We consider the boundary aL2, 
of G’,, which contains w,, and we set 
ro=as2,\~,. 
Consider a positive number T, such that 
Tdb-a. 
a b 
FKXJRE 1 
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T R”-I 
Let VEL’(O, T, L’(Q)), with y>n and 1;>2 if n=2, and let 
u E C( [0, T], HA(Q)) n C'( [0, T], L'(Q)) solve 
u,, - Liz4 + u = vu, in GB’((0, T) x Q). (2.1) 
Observe that by Sobolev’s inequality, u E C( [0, T], L27/(‘i ~2’(Q)); and so 
VUEL’(O, T, L2(Q)). Thus, (2.1) makes sense. 
Our main result of this section is the following. 
PROPOSITION 2.1. Assume ~(0, .) = u,(O, .) = 0 a.e. in Q, = Q LJ K. Then 
~(a, .) = 0 ae. in Qutn, for every o E [0, T]. 
Proqf: First, observe that we can replace Sz’ by any other connected, 
open set U’ such that U = Q” u K v U’ is a connected, open set. To see 
this, assume Proposition 2.1 holds in Q, and let UE C([O, T], 
HA(U)) n C’( [0, T], L2( U)) be as in the statement of Proposition 2.1, with 
Q replaced by U. Let (cp, $) = (u(O), u,(O)), and let [ and t be defined by 
on Q”u K; on Q”u K; 
on 52’; on 52’. 
i 
R”-I 
a 0 b 
FIGURE 3 
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Since cp is supported in Q”, we have ([, 0 E HA(Q) x L*(Q). Let 
u E C( [0, 7’1, HA(Q)) n C’( [0, T], L*(Q)) be the solution of (2.1) such that 
(u(O), u,(O)) = ([, t), with V replaced by the function W equal to V in 
Q n U, and to 0 outside (see [S] for the existence and uniqueness of u). It 
is clear that u satisfies the hypotheses of Proposition 2.1. In particular, the 
function zi defined for t E [0, 7J by 
in Q” u K; 
in D’ 
is such that C E C( [0, r], H,$ U)) n C’( [0, T], L*(U)), and ti solves the 
same equation as v does. By uniqueness, we have ti = v; and so v verities the 
conclusions of Proposition 2.1. 
Therefore, in all the sequel, we assume that Q’ = D’. For G E [0, T], we 
let 
w=J { u,2 + ph* + 2.4’) dx. 
Q,+, 
We have Z(0) = 0; and so Proposition 2.1 is a consequence of the following 
lemma. 
LEMMA 2.2. Let UE C([O, T], H;(0)) n C’([O, T], L*(Q)) solve (2.1), 
and let I be defined by (2.2). Then there exists K, depending on V, such that 
I(a) <I(O) exp(Ko), for every GE [0, T]. (2.3) 
Proof: The solution UE C([O, T], H;(Q)) n C’( [0, T], L*(Q)) of (2.1) 
such that u(0) = f and u,(O) =g depends continuously on (f, g) E 
HA(Q) x L*(Q) and on VE L’(0, T, L?(G)) (see [S]). Note also that the 
integral in (2.2) depends continuously on u in HA(Q) and on U, in L*(Q). 
Thus, we can assume that u(0) and u,(O) are functions of 9(Q) and that 
VE C( [0, T], 9(Q)), so that in particular, we have Au E C( [0, T], L*(Q)) 
(see [S]). Since by assumption D” u Ku 52’ is smooth, it follows easily that 
UE C(CO, Tl, H*(%+,)), f or every GE (0, T) (multiply u by any smooth 
function supported in Q, and equal to 1 on Q, + ~, and apply the standard 
regularity theorem in D” u Ku Q’; see, for example, [2, Theorem 1X.251). 
Therefore, the calculations below make sense. We have 
ut2+ IVu12+u2} dx+ 
for GE [0, T]. 
jut2 + IVul’+ u’} dp, 
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Therefore, 
dZ 
da= i 
Y,,~~~{~,2+lV1(l2+~2}dx-~~,,~,+“~~,2+IV~l2+y2}d~. (2.4) 
Now, observe that by (2.1), 
2 u,2+lvul*+u2}=2vuu,+2v+,~vu). (2.5) 
It follows from (2.4), (2.5), and Green’s formula that 
Vu, dx + 2 s 
(u,.Vu).n dp 
20, + (/ 
-1 
(I, +” {u,‘+ lVu12+u2} dp=A,+A,+A,. 
u 
(2.6) 
Next, let cp(cr) = II V(o)\1 LI. Observe that from HSlder’s and Sobolev’s 
inequalities, it follows that 
A, 62 II Oa)ll,, ll4~)llLW2~ ll~,(~)llL~G m(a) lIW~)ll.~ lIf4(~)lILz; 
and so 
A 1 d Ctp(o) Z(a). (2.7) 
Now, observe that c%~~+~=w~+,,u~~+~, and that u,=O on rU+rr, so that 
A2=21‘ (u, .Vu) . n dp. (2.8) 
W.tn 
Note also that 
12(u,.Vu)l < z.4t2 + IVu12. 
Therefore, (2.6) and (2.8) imply 
A2+A36 - s 
u* dp d 0. 
(O”i” 
It follows from (2.6), (2.7), and (2.9) that 
Z’(a) d Q(u) Z(a), for almost all d E (0, T). 
Integrating (2.10), we obtain (2.3) with K= C II VIIL~cO,T,I.;.,. 
(2.9) 
(2.10) 
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Remark 2.3. Observe that Proposition 2.1 applies to some nonlinear 
equations. Indeed, let us consider, for example, the equation 
u,,-h+g(t, x, u)=O, in g’((O, T) x Sz). (2.11) 
Assume that 
Ig(t, 4z)l d W(t, x) IZI + c IzIP, for every (t,x,z)~(O, T)xQxR, 
with WE L’(0, T, L?(Q)) and (n - 2)~ <n. Consider a solution UE 
C([O, T], HA(Q)) of (2.11). Then u solves (2.1), with 
V( l, x) = g(4 x, u(t, xl) 
u(t, x) 
eL’(O, T, Ly(Q)). 
3. APPLICATIONS 
In this section, we give examples of application of Proposition 2.1. In 
these examples, it is observed that condition (1.3) is sharp. These remarks 
also apply to show the optimality of certain results of Bardos, Lebeau, and 
Rauch [ 11, at least in the examples considered below. 
EXAMPLE 1. Let n be an even integer, and 0 <E < 4. We consider the 
open set Q c R* as in Fig. 4, that is 
Q = ((x, Y) E (0, 1 I*, (x, Y) # E, u &}, 
t 1/2n 
E 
FIGURE 4 
409/146/2-20 
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FIGURE 5 
where 
El =“ul {(x3 y), x=k/n, o<y< 1 -E}, 
!%=I 
E2= ii {b,y), 
1 
x=/c/n-- 
2n' 
“bydl}. 
!,=I 
Let 6, p > 0 such that 
and consider the open sets w and o’ as indicated in Fig. 5. Observe that 
6(Q,o)=2 
t A 
FIGURE 6 
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t R” A 
FIGURE I 
Consider cp E 9(Q), supported in w’, and let UE C(R, HA(Q)) n 
C’(R, L’(Q)) be the solution of 
u,, - Au = 0, in LY(R x Q), u(0) = cp, u,(O) = 0. (3.1) 
We show that ur0 in w, for IE [ -6(Q, o)+p, 6(8,0)-p]. We first 
write 52 = L?’ v Ku Q”, with Q” = o’ and 52’ as indicated in Fig. 6. We 
make a change of coordinates, so that the line A indicated in Fig. 6 
becomes the x-axis. When proposition 2.1 is applied, it follows that u-0 
in 52’ (hence in w), for t E [0, h-p], with 
h= 
r 
(l--E) +2. 
Next, we write s2 = Q’ v K v Q”, with L?” and 52’ as indicated in Fig. 7. We 
make a change of coordinates, so that the line A indicated in Fig. 7 
FIGURE 8 
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FIGURE 9 
becomes the x-axis. When Proposition 2.1 is applied, it follows that u = 0 
in 52’ (hence in o), for tE [h-p, h+a-~1, with 
o= (l-242+$. 
J 
Therefore, u r0 in Q’ (hence in o), for t E [0, h + a-p], When this 
argument is iterated, it follows that u = 0 in o, for t E [0, s(Q, w) --PI. 
Changing t to - t, we obtain as well that u = 0 in w, for t E [--@a, o) 
+ p, 01. This proves the desired result. 
Since p > 0 is arbitrary, it follows that for every r < 6(Q, w), there exists 
a solution u of (3.1) that vanishes identically in o for t E [ -r, r]. 
Evidently, if we choose cp # 0, we have u # 0. Therefore, if we choose any 
T-c 2&Q, w), then p does not define a norm on HA(Q) x L2(Q); and so the 
lower bound in ( 1.3) is optimal. 
EXAMPLE 2. Let (a,),, r be a sequence of positive numbers such that 
Ca,= 1, and O<E< $. We consider the open set OcR2 as in Fig. 8, that 
is, 
FIGURE 10 
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FIGURE 11 
where 
E,= (J (x,y),x= z urn, 
{ 
O<y<l-E ) 
k>l m=l i 
1 
Zk-I 
E,= u (x, y), x= c a,, ~Qy<l 
I 
. 
k21 m=l 
Here, the geodesic diameter of Q is 6(Q) = cc. Let T> 0, and consider two 
open subsets o and w’ of Q such that the geodesic distance between o and 
o’ is T, and located as in Fig. 9 (T is the length of the discontinuous line). 
Let cp E g(Q), supported in w’, and let u E C(R, HA(Q)) n C’(R, I,*(0)) be 
the solution of (3.1). Then, using a method similar to that described for 
Example 1, it follows that u(t) 2 0 a.e. in o, for every t E [ - T, T]. Since 
T > 0 is arbitrary, it follows that for any T > 0, p does not define a norm 
on Hi(B) x L2(Q). 
EXAMPLE 3. We now consider the case of a spiral in R2. Let 
f: [0, co) --) (0, co) be a smooth decreasing function, and let B c R* be the 
open set defined by (see Fig. 10) 
Q = {pP, I9 > 0, p E (f(e + 2x), f(Q)}. 
Let o and o’ be two open subsets of 52 as indicated in Fig. 11. 
I 
FIGURE 12 
602 THIERRY CAZENAVE 
FIGURE 13 
Let cp E 9(Q), supported in o’, and let u E C(R, HA(Q)) n C ‘(R, 1;*(Q)) 
be the solution of (3.1). Then, applying m times Proposition 2.1, with the 
sets Kj(m) as indicated in Fig. 12, it follows that u(t) = 0 a.e. in cu, for every 
te [-T(m), T(m)], where 
T(m)=&,(m)+ ... +.5,(m). 
If we let m -+ co, with cl(m) + 0, it follows that T(m) converges to the 
length of the segment f of the spiral indicated in Fig. 13, which is the 
geodesic distance between o and w’. 
Therefore and as in Example 2, if the spiral has an infinite length it is 
possible to construct for arbitrarily large values of T a nontrivial solution 
UEC(R, Hk(Q))n C’(R, L’(Q)) of (3.1) such that u(t)=0 a.e. in w, for 
every t E [ - T, T]. It follows that for any T> 0, p does not define a norm 
on HA(Q) x L2(Q). 
On the other hand, if the spiral has a finite length, then we can choose 
w’ such that the geodesic distance between o and w’ is arbitrarily close to 
s(Q, 0). This shows in this example also the optimality of the lower bound 
in (1.3). 
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